
Solution 3

l. Normly convergence implies weakly convergence,thus

E - Ew.
I t ' s easy t o check that E u ; E-a r e subspace, i n
particular, E i s closed.
Suppose E u l E t o .
'By Hahn-Banach separation T h m , there exists t f X ' t

s t H E 1 = 0 and f i x , t o , for X - E N E .
Let x . f E Y E , then I sequence (Xu) i n E s t

lingfixn) = t h o ) .
Notice that E-C E , w e have Hxn1=0

,
untN.

Thus linnefexn) = 0=4×0), which i s a contradiction.

Therefore, E ' = E .

2 . ( i ) kept't = I # t Y ' t : T * y * = o f
since 4*9't, x > = L Y't, T x > ,

w e have T * y * = @ c ⇒ y*o-1=0
Therefore, kept't = t y t y ' t : 9*0-1=0).

I i i )⇒ :(If F X = Y , then T' t i s injective.
I t ' s sufficient t o prove K e i t h = 104.
Dy I i i ) , i f y * f Kern't) and # t o

,

Then 9*0-11×1=0, ¥ X T X , I l )
Since TIX) i s dense i n Y , for any Y E T , 7- K n i t X .

s t line11T X ) - 911=0.
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Combining with l a ) , w e have

11y * i y ,11 = 11#y) - I N Tx,)H , for new
= lineally#ly-Thrill
E 119*11.hi.net/Y-TXnll=o

Therefore, y * = O .
⇐ I f T * i s injective, then TXT = Y .

o o TIX) i s a subspace o f Y
i f Y , Y - f T IX ) , then I X , K t X s t Th i )=Y i , i i .2 .

Y,-1922 = TIX,-1×2) f-T I X )

For 21 -R , 2 Y, = 2-11×1=712×1 f -T X .

Suppose Y I # t o , a s s u m e Y . f YITEX).
By Hahn- Banach separation Thm, -7 A t Y ' t ,

4*1 Text) = O and 9*1%1 # O . Thus, 117*11 s o .
On the other hand, 9 * 15× 1=0 ⇒ 9*51=0,
which implies y * t ke rT* .
This contracts with Ke r # = l o l .

Therefore, Y - TNT.
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